We developed a spectral formalism to study the effective polarizability of a spheroidal particle lying over a substrate, including multipolar effects. With the help of the spectral representation, we can discuss the optical response in terms of the excitation of the multipolar modes of the system. As an example of applications, we provide a spectral representation of the differential-reflectance spectra and we perform calculations for specific systems.
I. INTRODUCTION
In the last few decades, the study of optical properties of inhomogeneous thin films has been stimulated by promising applications. The actual and potential applications cover a wide spectrum of systems and tools ranging from solar energy cells and surface-enhanced Raman spectroscopy ͑SERS͒ to the characterization of self-assembled quantum dots. For example, in thin film growth and nanoparticle technologies it is crucial to have an accurate characterization of systems consisting of particles lying on a substrate. To attain this description optical spectroscopies have become extremely useful tools, due to their nondestructive character and in situ potentiality.
In addition to supported particles, the focus of surfacesensitive optical spectroscopies has concentrated on the study of adsorbed molecules. As examples of surfacesensitive optical spectroscopies, one finds, differential reflectance ͑DR͒, anisotropy reflectance spectroscopy ͑ARS͒, infrared reflectance absorption spectroscopy ͑IRRAS͒, and SERS. Nevertheless, the information contained in the optical response of adsorbed molecules and supported particles of nanometric dimensions is actually very different, due, essentially, to their difference in size. While the dipolar approximation ͑DA͒ might be sufficient for describing the optical response of a molecule, the inhomogeneities of the substrateinduced field acting on the ample volume of the particles, usually described by a macroscopic dielectric function, might excite, in addition to the dipole, multipolar modes of very high order. While the optical spectra of adsorbed molecules might carry information about specific features of the molecular electronic structure or charge transfer mechanisms, the information sought in the optical response of supported particles is related more to their shape, substrateinduced multipolar coupling, or local field effects. In the case of the electromagnetic effect in SERS, 1 both features are combined, because the anomalous enhancement of the optical response has been examined by adsorbing molecules at the surface of nonflat metallic surfaces and nanoparticles of different shapes, in particular, spheres and prolate and oblate spheroids.
2, 3 The calculation of the field at the surface of this nanoparticles requires the full solution of the optical response problem. Nevertheless, in the SERS literature the effect of the substrate on the optical response of spheroidal nanoparticles has not been fully treated, although one can find some papers on the problem of the scattered field of a sphere above a flat substrate. 4 The optical properties of a system of well-defined particles lying on a flat substrate can be determined through the response of each particle to the local field. The local field at a given particle is the sum of the applied field plus the induced field. The induced field comes from the charge distributions induced at all other particles in the presence of the substrate. But the interaction with the substrate modifies the response of even a single isolated particle, and this modification can be incorporated by assigning to the particle an effective polarizability that takes account of the interaction with the substrate. This interaction can be regarded as a selfinteraction, which in dilute systems becomes the dominant one. In the early DR studies on supported particles and adsorbed molecules on flat substrates, [5] [6] [7] [8] [9] an effective or renormalized polarizability was assigned to each particle or molecule, in which renormalization intended to include the interaction with the particle's or molecule's own image dipole. However, it is well known that the image-dipole model fails for particles of nanometric dimensions lying very close to the substrate, and extensions of this model had to include higher-order multipolar interactions. These extensions of the image-dipole model have been worked out for particles of different shapes, in particular, spheres and prolate and oblate spheroids. [10] [11] [12] [13] [14] The main results of these theories show that the importance of multipolar interactions increases with the proximity of the particle to the substrate as well as with the contrast between the dielectric functions of the substrate and the host matrix that surrounds the particle. The accuracy of these models has been tested through the comparison of their quantitative results with the available experimental data. Furthermore, recent DR experiments on free-electron metal particles on highly polarizable substrates 15 have stimulated a more systematic study on the effects of multipolar interactions in the effective polarizability of particles on a substrate.
An alternative approach to the optical signature of inhomogeneous thin films is to look at the optical response in terms of the strength of the coupling to the applied field of the optically active electromagnetic surface modes of the system. The electromagnetic effect in SERS for adsorbed molecules on discontinuous films can also be understood as the enhancement of the scattered electromagnetic field due to the resonant excitation of these surface modes. 16 In the existing theories the location of the resonant frequencies of the proper modes of the system and the calculation of their coupling strength to the applied field are not immediate. This is due to the way the theories are constructed, so the location of the resonant frequencies of the proper modes usually requires taking the nondissipation limit, a procedure that might call for a vast amount of numerical effort.
In this paper we construct a theory that yields both the frequencies of the proper modes and the size of their coupling strength to the applied field. We do this by building a spectral representation ͑SR͒ of the effective polarizability of a spheroidal particle, located at an arbitrary distance above a substrate. In this representation the effective polarizability is expressed as a sum of terms with single poles. The location of the poles is associated with the frequencies of the normal modes of the particle-substrate system and their strength with the coupling of these modes to the applied field. The main advantage of this type of representation is that for a given substrate, the location of the poles and their strength are independent of the dielectric properties of the particle and depend only on its shape. Obviously, this allows a more systematic study of the particle-substrate interaction together with a well-defined physical picture. Furthermore, the SR developed here also has computational advantages, which allows us to calculate the location and strength of the normal modes of the system to very large multipolar orders. This is especially important in the case of particles very close to the substrate and with a high contrast between the dielectric function of the substrate and the host matrix. Finally, one of our goals is also to show that the formalism constructed here can be applied to model a system recently characterized by differential reflectance measurements. 15 The paper is organized as follows. In Sec. II, we describe the physical model and solve for the field induced by an applied electromagnetic field. Then we construct the SR of the effective polarizability of spheroidal particles above a substrate. In Sec. III, we present systematic results for the effective polarizability of these particles as a function of their geometry, the substrate properties, and the separation between the substrate and the particles. In Sec. IV, we apply the formalism to provide a SR for differential reflectance spectra and we illustrate its merits by performing calculations for a specific system. In Sec. V, we present our conclusions.
II. FORMALISM

A. The model
We consider spheroidal particles generated by the rotation of an ellipse around its major or minor axes; they correspond to prolate or oblate spheroids, respectively. The length of the major and minor axes of the ellipse is denoted, correspondingly, by 2a and 2b, while the distance between its foci by 2cϭ2ͱa 2 Ϫb 2 . The spheroidal particle has a local dielectric function ⑀ e and is embedded within a semi-infinite homogeneous matrix with dielectric constant ⑀ a . The particle is placed at a distance d above a semi-infinite substrate with dielectric constant ⑀ s . The symmetry axis of the particle lies normal to the interface between substrate and matrix, as shown in Fig. 1 . We also assume that the three media, matrix, particle, and substrate, are nonmagnetic. In the following we will assume that the particle is a prolate spheroid. In the case of an oblate spheroid, the calculation procedure will be completely analogous, thus only the main steps of the derivations will be given.
Let us consider that the system described above is in the presence of an applied external electric field E ext (r,t), propagating with wave vector k and oscillating with frequency , that is, E ext (r,t)ϭE 0 e i(k"rϪt) , where E 0 is the amplitude of the field, r is the position vector, and t denotes time. We also consider that the relevant length scales in the model, such as a, b, and d, are much smaller than the wavelength ϭ2/k of the applied field; here kϵ͉k͉. In this case, it is well known that the quasistatic ͑nonretarded͒ approximation is valid; thus the applied electric field can be described by an electric potential given by ⌿ ext (r,t) ϭϪE ext
•re
Ϫit . In the presence of this electric field, the charge distribution induced at the interface of an isolated spheroidal particle has, in the linear approximation, a dipolar moment p proportional to the applied field, that is, p ϭ␣ I 0 •E ext , where ␣ J 0 is, in general, a complex function of the frequency and is known as the polarizability tensor of the particle.
If the spheroid is now located above the substrate, the charges induced on the substrate will modify the charge distribution induced on the spheroid, changing, consequently, the value of its dipolar component. We now define the effective polarizability ␣ I of the spheroid-substrate system as the relation between the dipole moment p of the charge distribution induced in the spheroid in the presence of the substrate and the applied field E ext ; thus we write pϭ␣ J•E ext . Due to symmetry, one of the principal axis of the system will be the symmetry axis of the spheroid, which is perpendicular (Ќ) to the substrate, while the other two will lie parallel (ʈ) to the substrate. Consequently, in these axes, ␣ J will have only two independent components, which will be denoted by ␣ Ќ and ␣ ʈ , and they correspond to the dipole moment induced in the particle when the applied field lies either perpendicular or parallel to the substrate. The absorption of energy by the particle is proportional to the imaginary part of the components ␣ Ќ and ␣ ʈ of the polarizability tensor. For example, the peaks in Im ␣ Ќ () and Im ␣ ʈ (), as a function of fre- quency, will correspond to the absorption due to the excitation of the collective electromagnetic modes in the particlesubstrate system by the long-wavelength applied external field. These modes are called optically active. As we will show later, the richness in the absorption spectra comes from the high multipolar components of the charge density induced in the particle through the substrate.
The analysis of the behavior of the functions ␣ Ќ () and ␣ ʈ () for a spheroidal particle located above a substrate has been done [11] [12] [13] [14] by solving Laplace's equation in spheroidal coordinates with the appropriate boundary conditions and then identifying the dipolar component of the charge density induced in the particle. The space is divided in three regions: region I, the space occupied by the host matrix that surrounds the particle; region II, the space occupied by the substrate; and region III, the interior of the particle. Since Laplace's equation is separable in the spheroidal coordinate system, the potential in each of the three regions can be written as a spheroidal-multipolar expansion, and the boundary conditions provide a closed set of equations to calculate the spheroidal-multipolar coefficients. Here we start from the set of equations for the expansion coefficients of the potential in region I, which can be identified as that part of the potential coming from the charges induced in the particle. Then we propose an alternative procedure to calculate these coefficients, and we show that this procedure yields expressions that provide a SR for the effective polarizabilities ␣ Ќ () and ␣ ʈ () analogous to the expression given in Refs. 17-19 for the spectral representation of the effective dielectric function of a two-phase composite in three dimensions.
B. The spectral representation
We first review briefly the concept of SR as introduced originally by Bergman, 17 Stroud et al., 18 Fuchs 19 and then we derive the SR of the effective polarizability of a spheroid on a substrate. These authors showed that the effective local dielectric function ⑀ M of any two-phase composite in three dimensions can always be written as
where u is a spectral variable defined as uϭ1/(1Ϫ⑀ 1 /⑀ 2 ), where ⑀ 1 and ⑀ 2 are the local dielectric functions of components 1 and 2, and f is the filling fraction of component 1.
The main advantage of this representation is that the spectral function g(n) does not depend on the dielectric properties of the components but only on the geometry of the model. Moreover, g(n) is a measure of the strength of the coupling to the applied field of the different optically active modes whose frequency is determined by the poles (uϭn) of the integrand in Eq. ͑1͒.
In our case, a Cartesian coordinate system is chosen with its origin at the center of the spheroid and the z axis lying along the symmetry axis of the particle and pointing towards the inward normal of the substrate, as shown in Fig. 1 . The potential ⌿(r) induced in region I by the spheroid-substrate system is then written as
͑2͒
where ⌿ ext (r) and ⌿ sub (r) are the potentials produced by the external field and the charges induced in the substrate, respectively. Here (,,) denotes spheroidal coordinates, and X l m (), Z l m (), and Y l m (,) are the appropriate multipolar functions of the spheroidal basis that depend on whether the spheroidal particles are prolate or oblate. The specific form of all these functions can be found in Ref. 13 , together with the derivation of the set of coupled equations satisfied by the multipolar-spheroidal expansion coefficients A lm of the potential in region I. We start from this set of coupled equations which is given, for each m, by
͑3͒
where Ϫlрmрl and ␣ l m are the multipolar polarizabilities of the spheroidal particle. These polarizabilities are defined through the relation lm ϭϪ␣ l m lm ext , where lm is the lm multipolar component of the potential induced in an isolated particle embedded in the matrix by the lm multipolar component of an applied external potential. The coefficients K ll Ј m (d) are real and relate the multipolar expansion of the potential around the image position (0,0,2d) in terms of the multipolar basis functions centered at the particle position (0,0,0). Here d is the distance between the center of the particle and the substrate, and V lm 0 are the multipolar components of the potential generated by the applied field E ext (r,t) and are simply given by
Explicit expressions for the calculation of ␣ l m and
can be found in Ref. 13 . Here we will use the closed formulas found by Lam 21 for
, which are quoted in the Appendix. Since the set of numbers A lm correspond to the coefficients of the multipolar expansion of the potential generated by the particle, Eq. ͑3͒ can be interpreted as if the spheroidal particle, in the presence of an external field, acts over itself through the substrate. Also, the effective dipolar polarizability will be given in terms of the coefficients A lm with lϭ1, which correspond to the dipole-moment component of the induced potential generated by the particle. Therefore, the effective dipolar polarizability, which is defined as the quotient between the induced dipole moment in the particle and the magnitude of the external field, can be identified as
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for the applied field perpendicular to the substrate. We are using cgs units. Using the expressions for ␣ l m and K ll Ј m given in Ref. 13 , it is possible to solve Eq. ͑3͒ and calculate the coefficients A lm . The exact solution requires, in principle, an infinite number of multipolar excitations (l→ϱ). However, it is always possible to truncate the multipolar expansion to a given order lϭL max whenever the contribution of the higher-order multipoles becomes negligible to a given order of approximation. In this case we shall say that multipolar convergence has been attained. In this work we will use an alternative procedure to calculate the coefficients A lm . This procedure will yield an expression for the A lm analogous to the expression given in Refs. [17] [18] [19] for the SR of the effective dielectric function of a two-phase composite in three dimensions. As mentioned above, the advantage of this representation is that its main parameters depend only on the shape of the particle.
We follow a procedure similar to that proposed by Fuchs and Claro 20 for a random system of spheres in order to derive a SR of the type given in Refs. 17-19 for the effective polarizabilities ␣ Ќ () and ␣ ʈ (). First, we rewrite the polarizabilities ␣ l m given in Ref. 13 , in terms of the spectral variable u in the form
where uϭ͓1Ϫ⑀ e /⑀ a ͔ Ϫ1 ,
, and ϭ 0 corresponds to the actual shape of the spheroidal particle. The poles of ␣ lm are given, from Eq. ͑7͒, by u( lm 0 )ϭn lm 0 , and the frequencies lm 0 correspond to the frequencies of the proper modes of the electric field in the isolated spheroid. The quantities n lm 0 are called the depolarization factors of the spheroid, and it can also be shown that c lm and n lm 0 are real numbers. Now, with the help of Eq. ͑7͒ we rewrite Eq. ͑3͒ as
where
͑11͒
The first term on left-hand side of Eq. ͑10͒ is a diagonal, complex matrix that depends on the dielectric properties of the spheroidal particle and the host matrix. The second term H ll Ј m is a matrix that depends only on the geometrical properties of the model and on the dielectric properties of the substrate and the host matrix. It is given by
where f c ϭ( a Ϫ s )/( a ϩ s ) is a parameter related to the dielectric contrast between substrate and host matrix, and
͑13͒
The set of coefficients K ll Ј m are real; thus D ll Ј m becomes a real and symmetric matrix. When f c is a real number, the matrix H ll Ј m in Eq. ͑12͒ is also real and symmetric. Now, the solution of the system of equations given in Eq. ͑12͒ can be obtained by using the Green's operator method. 22 Thus the solution can be written in the following form,
where ll Ј m is the Green's operator, which can be expressed
͑15͒
Here n s m are the eigenvalues of the matrix H ll Ј m , which are real numbers, and U ls m is the orthogonal matrix that diagonal-
͑16͒
and is formed by the eigenvectors of H ll Ј m . Finally, the solution of the system of equations in Eq. ͑3͒ can be written in terms of the Green's operator as
Therefore, in terms of the Green's operator the effective polarizabilities of the particle, as defined in Eqs. ͑5͒ and ͑6͒, can be written in the following form:
.
͑18͒
Here v is the volume of the spheroidal particle, and
are the spectral functions G s m for mϭ0 and mϭ1, respectively. Both G s m are positive real quantities that represent the strength of the coupling to the applied field of the normal modes of the system whose eigenfrequencies s are determined by the poles, u( s )ϭn s m , in Eq. ͑18͒. The eigenvalues 0рn s m р1 are known as the depolarization factors and can be used to label the modes.
It is important to notice that the information about the dielectric properties of the spheroidal particle are contained only in the spectral variable u. On the other hand, the information about the geometry of the model, as well as the dielectric properties of the host and substrate, is contained in n s m and G s m . Therefore, it is now possible to carry out an analysis of the optically active modes for any spheroidal particle.
The first thing to do is to write down the matrix H ll Ј m .
From Eq. ͑12͒ one sees that explicit expressions for n lm 0 and D ll Ј m are required. From Eqs. ͑9͒ and the expressions for the functions X l m () and Z l m (), the depolarization factors for an isolated prolate spheriod are given by
͑20͒
where P lm and Q lm are the Legendre and the associate Legendre functions, respectively, with Ͼ1, and
In the limiting case of a sphere the depolarization factors n lm 0 become independent of m and are equal to n l ϭl/͓2lϩ1͔. 
The corresponding expression for mϭ1 is obtained by using the relations between the coefficients K ll Ј m given in the Appendix, and it is given by
Analogous expressions for oblate spheroids are readily obtained from the corresponding prolate spheroidal functions by substituting the variable c by c/i. These expressions for D ll Ј m (mϭ0,1) converge only for c/dϽ1. While this condition restricts the eccentricity of the oblate spheroids one can deal with, there is no corresponding restriction in the case of prolate spheroids. For example, for an oblate spheroid touching the substrate, the restriction c/dϽ1 implies aϽͱ2b. In the limit c/d→0 the spheroid becomes a spherical particle, and the corresponding expressions for the multipolarcoupling matrix D ll Ј m can be obtained using the asymptotic properties of the functions X l m and Z l m . One gets
The corresponding expression for D ll Ј 1 is given by Eq. ͑24͒.
III. RESULTS AND DISCUSSION
Here we present results for the spectral function of the effective polarizability of spheroidal and spherical particles located at a distance d from a flat substrate. The results will be presented and discussed for different sets of the parameters ͕a/b,d, f c ͖. The analysis will be done for different values of these parameters in order to perform systematic analysis of the particle-substrate system. The calculation procedure is as follows.
First, we construct the matrix H ll Ј m by combining Eq. ͑12͒
with Eqs. ͑20͒-͑25͒ depending whether the particle is a prolate or oblate spheroid or a sphere. One also chooses the value of m as mϭ0 or 1, depending whether the applied external field lies perpendicular or parallel to the substrate. give, for a particular system, the strength of the coupling to the applied field of the optically active modes labeled by n s m . Finally, the effective polarizabilities for a given spheroidal particle characterized by a dielectric function s are found using Eq. ͑18͒.
First we start analyzing G s m in the limiting case of a spherical particle, because, as we will see below, the multipolar effects are more important for a nanoparticle with this particular geometry. In this case the matrix H ll Ј m is given by Eqs. ͑12͒, ͑24͒, and ͑25͒, and G s m can be calculated following the computational procedure described above. In Fig. 2 we show G s m as a function of the eigenvalues n s for a sphere of radius a embedded in air (⑀ a ϭ1) and located at a distance d from a substrate of sapphire with dielectric constant ⑀ s ϭ3.132, thus f c ϭϪ0.516. In Figs. 2-5 , the panels in the left ͑right͒ side of the figure show G s 0 (G s 1 ), corresponding to an applied electric field perpendicular ͑parallel͒ to the substrate. In Fig. 2 we show Since the modes can be labeled by n s , these figures tell us both the modes in the system that are excited by the applied external field ͑optically active͒, and also the strength of their coupling to the applied field. We observe that more modes are excited as the particle gets closer to the substrate, independently of the direction of the external field. The coupling between the different modes and the applied field ͑multipolar interactions͒ is through the substrate. As expected, these multipolar interactions become more and more important as the particle gets closer to the substrate. This means that the values of L max required to achieve multipolar convergence become larger as the particle gets closer to the substrate. For example, when d/aϭ1.1 one only needs to take L max ϭ10, while for d/aϭ1.01 and d/aϭ1.001, one requires L max ϭ80 and 700, respectively. When the particle gets very close to the substrate, one needs to include a very large number of multipolar interactions. In Figs. 2͑a͒ and 2͑b͒ we plot the strengths of two sets of modes corresponding to L max ϭ1800 and L max ϭ2000. Here, multipolar convergence has been partly reached. This means that only part of the modes have reached convergence, and as we observe they corre- spond to modes with a low index s. Now, as the particle is lifted away from the substrate, one observes that the spectra are dominated by the excitation of only a few modes. At d/aϭ1.1 only two modes are excited. Looking at the eigenvectors corresponding to the eigenvalues associated to these modes, one can verify that the one with a larger strength has mostly a dipolar character, while the multipolar character of the other is mostly quadrupolar. The multipolar identity of the excited modes is lost as d/a decreases and a larger number of modes is excited. But if the particle were placed at infinity, only the mode with dipolar character would be excited. This can be easily checked from Eqs. ͑12͒ and ͑25͒, where in the limit d→ϱ, the multipole coupling matrix D ll Ј 0 vanishes, and H ll Ј 0 ϭn l ␦ ll Ј becomes the diagonal matrix given by the multipolar-polarization factors of an isolated sphere. In this case, the only mode with strength different from zero is that corresponding to the dipolar interaction. It is well known that a sphere under the action of a constant electric field acquires only a dipolar moment. When the distance of the particle to the substrate is 1.5рd/aϽϱ, the term D 11 0 of the multipole coupling matrix is dominant and DA becomes sufficient to describe the system. At these distances, the mode with dipolar character shifts to smaller values of n s as the particle gets closer to the substrate. When d/aϽ1.5, the coupling between multipolar modes with l Ͼ1 becomes more important; thus more modes are excited and their individual multipolar identity starts to disappear. As a matter of comparison, we have also shown, with a dotted line in Figs. 2͑d͒-(dЈ) and 2͑e͒-(eЈ), the mode obtained at that distance in DA. In the case of a metallic sphere described by a Drude dielectric function in an air matrix (⑀ a ϭ1), it can be shown that the spectral variable u becomes proportional to 2 ; thus a shift to lower values of n s is actually a redshift when the particle approaches the substrate.
As the sphere gets closer to the substrate and the external field lies normal to it, the behavior of the spectral function G s 0 (n s ) is analogous to that found for a system of two spheres and an external field along the line that joining their centers. The simplest case, when the spheres are identical, corresponds in our model to f c ϭϪ1, or a substrate with infinite dielectric constant. This case has been already discussed by Claro. 26 Although the general behavior of G s 0 (n s ) when the external field is parallel to the substrate is very similar to that discussed above, there are some differences. From Fig. 2 , one can see that the eigenvalues n s of the modes that are excited cover a more extended region of values when the applied field is normal to the substrate than when is parallel. We can also observe that G s m (n s ) is more asymmetric when the applied field is normal (mϭ0) to the substrate. Now we calculate G s m for a spheroidal particle. The matrix H ll Ј m given in Eq. ͑12͒ has two terms, the diagonal terms n lm 0 and the multipolar-coupling matrix D ll Ј m . To calculate the diagonal terms n l m for prolate spheroids, given by Eq. ͑20͒, it is necessary to evaluate Q lm ( 0 ), and dP lm /d. The numerical evaluation of dP lm /d was done using the recurrence relations of Legendre's polynomials given in Refs. 22-24, while for the numerical evaluation of Q lm ( 0 ) we used a series representation 22 in inverse powers of . For oblate spheroids, Q lm (i) turns out to be an alternating series that converges so slowly that it hampers the calculations for large values of L max . In our actual calculations we performed this sum using Euler's method, as described in Ref. 23 . For the evaluation of the elements of the multipolarcoupling matrix D ll Ј m for prolate and oblate spheroids, we used the explicit expressions found by Lam 21 and given in Eqs. ͑22͒-͑24͒. The calculation of c l0 and c l1 was done using a procedure similar to that used to calculate n lm 0 . We start our analysis of G s m for the case of prolate spheroids. First, we analyze the dependence of the modes strength as a function of the distance of the particle to the substrate. In Fig. 3 , we show G s m for a prolate spheroid with a/bϭ2 and contrast f c ϭϪ0.773, as a function of the depolarization factors n s . The distance (dϪa)/a, between particle and substrate in panels Figs. 3͑a͒-(aЈ), 3͑b͒-(bЈ), 3͑c͒-(cЈ), 3͑d͒-(dЈ), and 3͑e͒-(eЈ) is equal to 0.0001, 0.001, 0.01, 0.1, and 0.5, respectively. We also show ͑dotted line͒ the location of the mode obtained in DA. One can see that multipolar effects become more evident as the particle gets closer to the substrate, like in the case of the sphere discussed above. When the particle is far from the substrate, as in Figs. 3͑e͒-(eЈ) , one sees that the dominant mode is very close to the mode found in the DA ͑dotted-line͒, this being more evident when the applied field is perpendicular to the substrate. As the distance between particle and substrate decreases, the location of the mode calculated in the DA shifts to a smaller eigenvalues, independently of the direction of the applied field. When the multipolar coupling is included, for an applied field perpendicular to the substrate, as the particle gets closer to the substrate the dominant mode shifts to smaller eigenvalues, while the spectra broadens and extends towards larger eigenvalues. The same type of behavior of the mode spectra, as the distance from the substrate is varied, was found above for the case of a sphere and was also found for oblate spheroids and will not be reported here in detail.
Let us now analyze the behavior of the mode strength as a function of the eccentricity of the spheroid, given by the ratio a/b. In Figs. 4͑a͒-(aЈ), 4͑b͒-(bЈ), and 4͑c͒-(cЈ), we show G s m (n s ) for a prolate spheroid with a contrast factor f c ϭϪ0.773 at a distance (dϪa)/bϭ0.001 and with a/b equal to 5.0, 2.0, and 1.2, respectively. We also show, with a dotted line, the mode found using DA. One can see that as the particle becomes more asymmetric. This means that as the ratio a/b increases, G s m (n s ) becomes narrower and a dominant mode appears. This dominant mode turns out to lie very close to the dipolar mode of the isolated spheroid. This means that as the ratio a/b increases the spheroid actually decouples from the substrate. In contrast, as a/b→1 the dominant mode merges down and the mode-strength distribution becomes broader and equal to that found above for the sphere. In conclusion, we observe that multipolar effects become more important as the ratio a/b of a prolate spheroid tends to the unity, that is, when the actual shape tends to be spherical. The location of the mode in the DA is also shown in Fig. 4 , and one can see that as the spheroid becomes more elongated, its location shifts to lower ͑higher͒ eigenvalues when the applied field is perpendicular ͑parallel͒ to the substrate. Now, we will analyze G s m (n s ) for an oblate spheroid. As mentioned above, the dependence of the spectral function with the distance between particle and substrate is similar for prolate and oblate spheroids. This means that the multipolar effects due to the substrate acting on the particle are more important when particle and substrate are in contact, and their importance decreases as the particle recedes from the substrate. In Fig. 5 we show G s m (n s ) for an oblate spheroid placed at a distance (dϪb)/bϭ0.01, with a contrast factor f c ϭϪ0.65 and eccentricities a/bϭ1.4, 1.3, 1.2, and 1.1. One can see that as the eccentricity increases the centroid of spectra for the field parallel ͑perpendicular͒ shifts towards larger ͑smaller͒ eigenvalues. Also, as the eccentricity increases a tendency towards the appearance of a dominant mode is stronger for the field parallel to the substrate than for the field perpendicular to it.
IV. APPLICATION: DIFFERENTIAL REFLECTANCE SPECTROSCOPY
Recently, the characterization of the growth of particles of free-electron metals on dielectric substrates has attracted the attention of some experimental groups. 15 For example, in some of these experiments potassium is evaporated over a Si substrate, 15 in such a way that potassium particles are formed during evaporation over a thin layer of SiO 2 . This layer serves as a barrier that prevents chemical contact between the potassium particles and the silicon substrate and also keeps the particles at a certain distance d above the substrate. This system has been characterized through differentialreflectance ͑DR͒ measurements, and here we will apply the formalism developed above to the calculation of DR spectra in this particular system. The differential reflectance ⌬R p /R is defined by
where R p ͓K/Si͔ and R p ͓Si͔ correspond to the reflectance of p-polarized light for a system with and without potassium particles, respectively. We now assume that the optical response of the supported potassium particles can be regarded as the response a homogeneous layer of thickness equal to dЈϭdϩa or dЈϭdϩb, depending on whether the spheroids are prolate or oblate. If dЈ is much less than the wavelength of the applied field, and the system is dilute, that is, the filling fraction f of potassium particles in the volume occupied by the fictitious layer is small, ⌬R p /R can be written for prolates as
where is the angle of incidence of light and ␣ j ϭ␣ j /ab 2 with jϭʈ or Ќ and ␣ j are the effective polarizabilities of the supported particles. We are now ready to provide a SR of the differential reflectance by substituting in Eq. ͑27͒ the spectral representation of the effective polarizabilities ␣ ʈ and ␣ Ќ given by Eq. ͑18͒. The main advantage of this representation is that it allows, in a straightforward way, an analysis of the differential-reflectance spectra in terms of the optical excitation of the multipolar modes of the system. The strength of the coupling of the modes to the applied field in a differential-reflectance experiment is given through the spectral functions of ␣ ʈ and ␣ Ќ in Eq. ͑27͒. According to this equation the contributions of ␣ ʈ and ␣ Ќ have opposite signs. Therefore, one can see how the shape of the spectrum depends on the relative location and relative size of these mode strengths.
In Fig. 6 we show ⌬R p /R as a function of the photon energy for a potassium sphere located at different distances from a silicon substrate with a real dielectric constant ⑀ s ϭ15, and then f c ϭϪ0.875. The dielectric function of potassium was modeled by the Drude model, that is, ⑀()ϭ1 Ϫ p 2 /( 2 ϩi/) with the following parameters: ប p ϭ3.8 eV and ⌫ϭប/ ϭ0.4 eV. We also show, with straight lines, FIG. 6 . DR at ϭ60°for a sphere on a substrate of silicon at different distances d/bϭ ͑a͒ 1.0005, ͑b͒, 1.01, ͑c͒ 1.035, and ͑d͒ 1.12. Experimental data in black dots.
the strength and location of the modes that contribute to the differential reflectance. It is evident that for a sphere almost touching the substrate, Fig. 6͑a͒ , the spectrum becomes broad due to the frequency span and density of the excited multipolar modes, something one could call multipolar broadening. But as the sphere is lifted from the substrate this broadening effect transforms into a spectrum with welldefined peaks and/or shoulders. In this case, the appearance of the shoulders is due, not only because the excited modes are more separated in energy, but also to the fact of having two neighboring modes, one with a positive and the other with a negative strength.
In Fig. 6͑d͒ we also show the experimental measurements made by Beitia et al., 15 where excellent agreement with our calculations is found. Here, we can see that the main features of the spectra are reproduced, and the main multipolar contributions from the effective polarizabilities and their strengths are plotted. For energies above 1.9 eV, the experimental and calculated data fit very well, and the shoulder in 2.2 eV is well reproduced. For energies below 1.9 eV, the experimental and calculated data have a small redshift between them. This shift could be due to small differences of the average ratio between the experimental particle and the calculated one, or due to differences of their shapes. Furthermore, we can conclude that the interaction among particles are less important compared with the effect of the substrate, which dominates the profile and intensity of the spectra. It is also interesting to notice that the distinct multipolar structure in the DR spectra of Beitia et al. 15 arises from the presence of the SiO 2 layer which ''lifts'' the particles from the silicon substrate. If the particles would have been allowed to touch with the substrate, the distinct multipolar structure of the DR spectra would have been ''washed out,'' giving rise to a broad peak whose broadness would be the result of an unraveled combination of dissipation and multipolar broadening, as shown in Fig. 6͑a͒. 
V. CONCLUSIONS
We developed a spectral representation to calculate the effective polarizability of a spheroidal particle lying on a flat substrate, including high-order multipolar effects. The method is quite general and allows a systematic study of the spheroid-substrate system. We showed that the spectral representation can be very helpful to understand accurately and simultaneously the strengths and location of all optically excited multipolar modes. Then, we systematically studied the spheroid-substrate system as a function of the dielectric properties of the substrate and ambient, the distance of the particle to the substrate, and the specific shape and material properties of the particle. The method was applied to understand DR spectra of potassium particles over different substrates. We found that DR spectra with well-defined multipolar features require that the particles should lie at a certain distance above the substrate. We have also found that at low filling fractions of potassium particles, the substrate effects on the particles are more important than the interaction among them.
